Kinematic and dynamic raytracing in inhomogeneous, anisotropic media has been traditionally formulated in terms of elastic parameters. Such a formulation is inefficient for computation as it requires evaluating complicated right-hand-side functions and solving an eigenvalue problem at each ray step. It also requires that a medium be specified with elastic parameters. This is inconsistent with the common practice in seismic data processing where anisotropy is usually described with Thomsen (1986) parameters. This inconsistency may result in ambiguity in specifying the elastic parameters. To overcome these difficulties, we have reformulated the kinematic and dynamic raytracing systems in terms of phase velocity. The new formulation is much simpler and computationally more efficient than the previous elasticparameter based formulations. Solution of the eigenvalue problem at each ray step is no longer required. As the medium for raytracing is now specified with phase velocity, the possible ambiguity in specifying elastic parameters is also eliminated. The kinematic and dynamic raytracing systems developed in this study have been used to implement Gaussian beam depth migration in anisotropic media. Numerical results show that our formulation is efficient and accurate and has greatly speeded up the depth migration in anisotropic media.
Introduction
Kinematic and dynamic raytracing in inhomogeneous, anisotropic media is an essential building block for seismic modeling and imaging with ray methods. Kinematic raytracing in anisotropic media has traditionally been formulated in terms of elastic parameters (Cerveny, 1972 (Cerveny, , 2001 . Such a formulation is, however, computationally cumbersome (Cerveny, 1989) . It also requires a medium to be specified with elastic parameters. The common practice in seismic data processing, on the other hand, is to describe anisotropy with the Thomsen (1986) parameters. This inconsistency may cause problems in medium specification. The elastic-parameter based formulation for anisotropic dynamic raytracing is even more complicated as it now involves differentiation of kinematic raytracing system with respect to ray parameters (Hanyga, 1986; Cerveny, 2001) . The purpose of this study is to formulate the kinematic and dynamic raytracing systems in anisotropic media in terms of phase velocity. This formulation overcomes some of difficulties of the elasticparameter based formulation, and is especially useful for transversely isotropic (TI) and orthorhombic media where simple analytic expressions for phase velocity have been derived in terms of the Thomsen parameters (Thomsen, 1986; Tsvankin, 2001 ).
Kinematic raytracing system
The kinematic raytracing system in anisotropic media has been derived by Cerveny (1972) ; we summarize here only the results needed for this study. We start with the frequencydomain equation of motion in inhomogeneous, anisotropic media:
where is displacement, are the elastic
ρ is the density, and ω is the angular frequency.
Throughout this study we will follow the convention that a lowercase subscript takes the values 1, 2, and 3 while an uppercase subscript takes only the values 1 and 2. In the zero-order ray method, we seek an approximate solution to
(1) in the form of , where 
where the Christoffel matrix , the density normalized elastic parameters (2) is an eigenvalue problem and its eigenvalues take the form:
which solves the eigenvalue equation
where is the normalized eigenvector, often referred to as the polarization vector. Multiplying (4) with and taking into account that 
The functions on the right-hand side of system (6) are complicated. Evaluation of these functions is time consuming and requires solving the eigenvalue problem (4) at each ray step. The system also requires the medium to be specified in terms of elastic parameters. This may result in ambiguity in specifying parameters, for example, for the widely used weak TI media. For P-wave imaging in such a medium, usually only P-wave velocity along the symmetry axis α and Thomsen parameters δ and ε are estimated from data. Determination of the elastic parameters from parameters α , δ and ε , on the other hand, requires explicit knowledge of S-wave velocity along the symmetry axis.
To overcome these difficulties, we reformulate the ray equations in (6) in terms of phase velocity in the same way as the ray equations in isotropic media are formulated. To accomplish this, we first note that it has been shown (e.g., Cerveny 2001) that the group velocity for energy propagation along the direction is given by .
Thus equation (6a) can be rewritten as 
where is the unit vector along the slowness vector and is the phase velocity. A substitution of (7) into (6b) enables us to rewrite the kinematic raytracing system (6) in terms of phase velocity:
where group velocity is calculated from phase velocity with the formulae given, for example, by Tsvankin (2001) . Similar to its counterpart in isotropic media, raytracing system (8) now takes a very simple form with its right-hand sides given simply by group and phase velocities rather than the complicated functions in (6). System (8) is thus much more efficient than (6), especially for TI and orthorhombic media where the phase and group velocities can be calculated quickly with the simple analytical expressions given by Thomsen (1986) and Tsvankin (2001) . Solution of eigenvalue problem (4) at each ray step is no longer needed. Since the medium for raytracing is now specified with phase velocity, the ambiguity problem in specifying elastic parameters for weak TI media is eliminated.
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Dynamic raytracing system
Dynamic raytracing equations in anisotropic media are commonly expressed in Cartesian coordinates (e.g., Cerveny 1972 Cerveny , 2001 . This leads to a system of six linear first-order ordinary differential equations. For many applications such as Gaussian beam calculation, it is convenient to use raycentered coordinates. The dynamic raytracing system also takes the simplest form in such coordinates, reducing the number of differential equations in the system from six to four. Here we will first formulate dynamic raytracing equations in terms of phase velocity in Cartesian coordinates, and then transform them to a ray-centered coordinate system. γ are ray parameters specifying a ray and τ is the traveltime along the ray. The dynamic raytracing system in Cartesian coordinates can then be obtained by differentiating the ray equations in (8) with respect to the ray parameters: 
The raycentered coordinates in anisotropic media are nonorthogonal as the ray is no longer perpendicular to the wavefront as it is in an isotropic medium. Different choices have been used for the plane basis vectors (e.g., Hanyga 1986; Cerveny 2001). Here we follow Cerveny and calculate the vectors by integration along the central ray. Using the transformation matrix formed by the components of the basis vectors and following the approaches used by Hanyga (1986) and Cerveny (2001) for deriving their the dynamic ray systems in the ray-centered coordinates, we obtain from (9): . The coefficients are given by V are the components of the group velocity vector V in the ray-centered coordinates. In isotropic media, dynamic raytracing system (10) reduces to the well-known dynamic raytracing system in the isotropic ray-centered coordinates (e.g. Cerveny, 2001 ).
Dynamic raytracing systems (9) and (10) are much simpler and computationally more efficient than those formulated in terms of elastic parameters (e.g., Cerveny, 1972; Hanyga, 1986) since the elastic-parameter based formulations involve differentiation of the complicated functions on the right-hand sides of equations (6) with respect to ray parameters. Evaluation of the right-hand sides of dynamic raytracing systems (9) and (10), on the other hand, requires only simple calculation of derivatives of phase and group velocities.
Anisotropic Gaussian beam migration
Gaussian beam migration (GBM) was originally developed by Hill (1990 Hill ( , 2001 for both poststack and prestack migration in isotropic media, and was extended by Alkhalifah (1995) for anisotropic poststack migration. Here we further extend the method to prestack migration in anisotropic media using the raytracing systems (8) and (10) described in the previous sections. Our anisotropic GBM is also more efficient than that of Alkhalifah, since Alkhalifah's implementation uses the time-consuming elastic-parameter based ray tracing systems.
To test the accuracy and efficiency of our anisotropic GBM, we have applied the method to synthetic data generated by a finite-difference method from anisotropic models. The results from one of these models are shown in Figures 1 to 3 . Figure  1 shows the velocity model where a step structure lies beneath a 1500 m thick of anisotropic layer. This layer is tilted transversely isotropic (TTI) with its symmetry axis dipping at 45 o . The data generated from the model were first migrated with the isotropic GBM with an overburden velocity of 3110 m/s. The resulting image (Figure 2) shows that the step structure has been imaged at correct depth but mispositioned laterally by about 350 m; artifacts are also visible around the step structure. This mispositioning and defocusing effects caused by overburden TTI media have also been observed with field and physical-model data (e.g., Vestrum et. al., 1999) . The image obtained with anisotropic GBM (Figure 3) shows, on the other hand, that the step structure has been accurately positioned. The defocusing artifacts are also eliminated. Compared to the cost for the isotropic GBM, the additional cost for the anisotropic migration is negligibly small (less than 1%), showing that our anisotropic GBM is considerably more efficient than that of Alkhalifah (1995) who reported an increased computational effort of 40% for his anisotropic GBM.
Conclusions
We have reformulated the kinematic and dynamic ray tracing in inhomogeneous, anisotropic media in terms of phase velocity. The resulting raytracing systems are much simpler and computationally more efficient than those formulated previously in terms of elastic parameters (e.g., Cerveny, 1972; Hanyga, 1986; Cerveny 2001) , since calculation of the right-hand side of these differential equations now involves only simple evaluation of phase and group velocities or their derivatives rather than complicated functions for the elasticparameter based systems. Time-consuming solution of the eigenvalue problem at each ray step is no longer needed. As the medium for raytracing is now specified with phase velocity, the possible ambiguity in specifying elastic parameters is also eliminated. The new raytracing systems have been used to extend GBM migration to anisotropic media. Numerical experiments show that our GBM is accurate in imaging structures in anisotropic media. It is also considerably more efficient than the anisotropic GBM based on elastic-parameter based raytracing systems. The kinematic and dynamic ray tracing systems developed in this study thus provide a useful and efficient tool for seismic modeling and imaging in anisotropic media, especially for the TI and orthorhombic media where the integration of the raytracing systems can be carried out with the simple analytical expressions for phase velocity. 
